GENERALIZED FEKETE MEANS

BY
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1.0. Introduction. In 1954, M. Fekete [3] proposed two sequence-to-sequence
summability methods which he called ‘‘Taylor-Né6rlund’’ and ‘*Nérlund-Taylor.”
His methods are extended in this paper by replacing the Taylor method with a
more general summability method. Various inclusion properties of the new
methods are developed. It is shown that these results hold when certain Haus-
dorff or quasi-Hausdorff methods are combined with Nérlund methods; in parti-
cular, for Cesaro, Euler or Taylor methods. Series-to-sequence analogues of these
methods are defined and applied to the problem of summing the geometric series.

2.0. Preliminary definitions. An infinite matrix (f,,) is a T-matrix if and
only if t,= X fus,—s whenever s,—s. An infinite matrix (a,) is an alpha-
matrix if and only if Xv,=s, where v, = Xa,u,, whenever u,=s. The
infinite matrix (g,,) is a gamma-matrix if and only if t, = X g,u, —s whenever
Zu,,=§. Given a T-matrix (fy), it has been shown [13],[1, p. 86] that if
&nk = E;.;kfnj’ if agy = gox and if ap = g — gu-14, When n 2 1, then (gy) is
a gamma-matrix and (a,,) is an alpha-matrix such that lim, X, g1 = 2, Zx@ubs
=s whenever lim, X,f,s, =s for bounded s,=uy+ --- + u,, at least. Such
triples of T-, gamma- and alpha-matrices define a regular summability method
A. When lim, X, f.s; = s, it is convenient to write A-lims, =s.

A particular class of regular methods, the Nérlund methods, is of importance
to the subsequent discussion. A sequence {p,} of real numbers is a Nérlund
sequence [3] if and only if p, >0, p,20 for n21, and p,/P,—0, where
P,=po+ -+ p, Given a Norlund sequence {p,}, let F, = p,—«/P, if
n 2k, 0 otherwise. Then (F,) is a T-matrix [4, p. 64] and the summability
method defined by it is called the regular No6rlund method (N, p,).

The summability method A is said to include the summability method B if
A-lims, = B-lims, for every sequence {s,} having a convergent B-limit. 4 totally
includes B if B-lims,= s implies that A-lims, = s for every s, finite or infinite [12].

3.0. The A-Norlund method.
3.1. THE DEFINITION.

DEeriNITION 3.1.1. Let A be a regular summability method with alpha-matrix
(a,) and T-matrix (f,). Let (N,p,) be a regular Norlund method such that
(N, q,) is a regular Nérlund method, where g, = Xa,.px. A sequence {s,} is said
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to be summable to s by the A-Né6rlund method if and only if ¢, - s,(N, g,) , where
ty= 2 fusi. Write s,— s, F(4, p,) in this case.

It may happen that the transform of a Norlund sequence by an alpha-matrix
is not a Norlund sequence. For example, let (a,;) be an alpha-matrix with a,, <0
for some positive integers u and v. Define a Norlund sequence {p,}, where
Po=1, p,> Iauo /aw,|, p,=0 otherwise. Then g,=a, + a,p,<0 and {q,}
clearly is not a Norlund sequence. The next two lemmas provide conditions
that {g,} be a Norlund sequence.

LemMMA 3.1.2. If the alpha-matrix (a,;) of A satisfies ago >0, a,, =0 other-
wise; if there exists a constant M > 0 such that a,, < M- f,;, where (f,;) is the

T-matrix of A; if {p,} is a Néorlund sequence such that q,= X a,p, exists
for every n, then {q,} is a Norlund sequence.

Proof. Clearly, q,=0 and qq = agopo > 0. If go + --- + g, = Q,, then
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where (g,.) is the gamma-matrix of A, the inversions of order of summation
being justified, since all terms are non-negative. Then, q,/Q, = ( X auPy) /( 2fuPi)
= Zhnk(pk [Py, where hy = (auPy)/( z SuP). Now, Zk I hnk| = Zk hu =
(M- ZfuP) ( ankpk) =M for every n. Also, hy = (auPy)[Qn= (M- fuPy) /40
— 0as n— oo for every k. Therefore, by Theorem 4 of [4], ¢,/Q,— 0 if p,/P,—O.
Hence, {q,} is a Norlund sequence.

A slight modification of the discussion preceding the lemma shows that ay > 0
and a,, = 0 otherwise are necessary for {g,} to be a Norlund sequence. An ex-
ample is given after Lemma 3.4.1 below to show that the second condition on
the matrices (a,;) and (f,,) is not a necessary condition.

LemMa 3.1.3. Let (a,) be an alpha-matrix and let {p,} be a Norlund
sequence such that Xp, converges and q,= Xa,py exists for every n. Then,
the conditions ago >0 and a,, =0 otherwise are necessary and sufficient that
{q.} be a Nérlund sequence.

Proof. The necessity of the conditions is obvious. For sufficiency, one notes
that X g, converges and hence that q,/Q, < q,/qo— 0.

In particular, Lemma 3.1.3 shows that finite Norlund sequences, when p, # 0
for only finitely many n, are transformed into Norlund sequences by any alpha-
matrix (a,;) with non-negative entries and ago > 0.

3.2. PROPERTIES OF F(4, p,). Since the Norlund method (N,gq,) is regular, if
t,— s, then t, - s,(N,q,). Thus the next theorem is an immediate consequence
of the definition of F(4, p,).
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THEOREM 3.2.1. F(A,p,) is regular and includes A.

In fact, since the matrix of (N,q,) has non-negative elements, if ¢, exists for
every n and t,— +o0, it follows that #,— +o, (N,q,) [4, Theorem 9], so
F(A, p,) totally includes 4.

If A4 is (C1), if po=1, p,=2 for n=1, and if s, = (n+1)(-1)
then {s,} is not summable A4, but s,— 0, F(4, p,), as ashort calculation shows.
Hence, in general, F(A4, p,) is not equivalent to the method 4.

Since Norlund methods are consistent [4, p. 65], it follows that if
s,—s, F(4,p,) and s,—s’, F(4,r,), then s =s". Thus, for fixed 4 and various
Norlund sequences, the methods F(A4, p,) are consistent.

However, if A and B are inconsistent methods, if s,—s, F(4,p,) and s,— s’,
F(B,p,), it need not follow that s =s’ when {s,} is divergent. For example, let
A transform {s,} into the sequence {t,}, where t, = (53, + S2,+2)/2, and let B
transform {s,} into the sequence {u,}, where u,=(S3,+1 + S2,+3)/2. Then, a
short calculation shows that the alpha-matrices of 4 and B satisfy the hypotheses
of Lemma 3.1.3. If {p,} is any finite Norlund sequence, it follows from Theorem
3.2.1 that (-=1)"> 1, F(4,p,) while (-1)"—>—1, F(B,p,).

DEFINITION 3.2.2. [14, p. 111]. A sequence {s,} is summable to s by the strong-
Abel method if and only if s*(x) = (1 — x)* X s,x" has a positive radius of con-
vergence and defines an analytic function which is regular for 0 < x <1 and
which tends to s as x — 1 through real values less than 1.

THEOREM 3.2.3. If s,—s, F(4,p,), then s,—s by the product of A and the
strong-Abel methods.

Proof. Letvy=t,, v, =1, —t,_4 for n=1. Then, if s, > s, F(4,p,), Xv,=s,
(N,q,). By Theorem 18 of [4], Xuv,=s by the strong-Abel method. Since
t*(x) = v(x) = Lv,x", the assertion follows.

If it should happen that s,—s, F(4,p,) and Xt,x" converges for le <1,
then s,— s by the product of 4 and the Abel method. That F(4, p,) is not, in
general, equivalent to the product of A4 and the (strong-)Abel methods can
be seen by letting 4 be (C,1), po=1,p; =2, p,=1, p,=0for n=3, and
s,=(n+1)(=1". It can be seen, after some calculations, that s,— 0 by the
product of the (C,1) and Abel methods, but {s,} is not summable F(4, p,).

DerINITION 3.2.4. An alpha-matrix (a,;) is said to be monotone-preserving
with respect to the nondecreasing sequence {p,} if and only if the sequence
{q,} = { X aup} is nondecreasing.

DEerINITION 3.2.5. An alpha-matrix (a,,) is said to be (C, 1)-preserving if and
only if (N,q,) is equivalent to (C,1) whenever (N,p,) is (C,1) and
qn = E AnPx = 2ank'

Clearly, if X,a, =L>0 for every n, then (a,) is (C,1)-preserving, since
go=4¢y ==L
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THEOREM 3.2.6. If the alpha-matrix of A is (C,1)-preserving and monotone-
preserving with respect to the nondecreasing Norlund sequence {p,}, then
F(A,p,) includes F(A,1).

Proof. Since {g,} is nondecreasing, (N, g,) includes (C, 1), by Theorem 20 of
[4]. If s,—>s, F(4,1), then t,—s,(N, r,), where (N,r,) is equivalent to (C,1).
Thus, t,—s,(C,1) and therefore t,—s,(N,q,).

THEOREM 3.2.7. If the method A is such that the A-transform of a sequence
{sn} is summable to s by the Abel method whenever {s,} is summable to s by the
Abel method, if the alpha-matrix of A is monotone-preserving with respect to
the nondecreasing Norlund sequence {p,}, then F(4,p,) includes (C,1) for
bounded sequences.

Proof. Let s,—s, (C,1). Then s,— s,(Abel), so t,—s,(Abel). Since {s,} is
bounded, {t,} is bounded. Hence, by Theorem 92 of [4], t,—s,(C,1). Since
{4,} is a nondecreasing Norlund sequence, (N, g,) includes (C,1), and therefore,
Ih—s, (N9Qn)-

The methods (N, p,) and F(4, p,), in general, are not comparable. It has already
been noted that when 4 is (C,1), and py=1,p;=2,p,=1,p,=0 forn=3,
the sequence {(n + 1)(—1)"} is not summable F(4,p,), although (n + 1)(—1)"
—0,(N, p,). On the other hand, for the same A4 and {p,}, if r, = 2i", then {r,}
is not summable (N, p,), although r,— 0,(C,1) = A, and hence r, —»0,F(4, p,).

3.3. HAUSDORFF-NORLUND METHODS. Let {u,} be a sequence of real numbers
such that pg=1, A"uy— 0 and APy, = Oforallnand p, where Ap, = pt, — 11,
APy = A(APu,). The matrix (f,,), where f, = (DA" *u, if n = k, 0 otherwise,
is a T-matrix [14, p. 148]. Associated with this T-matrix is the alpha-matrix (a,),
where ag; = fox, dm = (k/n)f, when n = 1. Let H(u,) denote the regular sum-
mability method determined by these matrices.

The H(y,) methods are a subclass of the set of regular Hausdorff methods.
This subclass includes the Cesaro, Holder, and Euler methods [4, Chapter XI],
and hence is of some interest. Since the T-matrix for H(y,) has non-negative
elements, it is a totally regular matrix [4, Theorem 9] and thus, y, # 0 for every
n [12]. The alpha-matrix of H(u,) transforms Norlund sequences into Norlund
sequences, for g,always exists and Lemma 3.1.2 holds with M = 1. One can there-
fore define H(u,)-Norlund methods for any Norlund sequence. In order to see
how the results of §3.2 hold for these Hausdorff-Norlund methods, one observes
that Pati [8] has shown that if {s,} is summable by the Abel method, the H(y,)-
transform of {s,} is also summable by the Abel method to the same sum. Re-
garding the (C,1)- and monotone-preserving properties, there are the following
results.

LemMA 3.3.1. The alpha-matrix of H(u,) is (C,1)-preserving.
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Proof. X,ap=1, Xiau= 251G DA%y, =p, for n=1, and
O<pu,=1. If p,=1 for all n, so (N, p,) is (C,1), then gy =1 and g, =y, for
n=1. Let g(x) = Xg,x"=1+ (u;x)/(1 — x) and p(x) = Lp,x"=1/(1 - x), so
g /p(x)=1—-(1—p)x= XK,x", and p(x)/q(x)=1/[1 — (1 = p)x] =
X (1-p)'x"= LLx" Since both X|K,| and X|L,| converge, (N,q,) is
equivalent to (N, p,) =(C,1) by Theorem 21 of [4].

LEMMA 3.3.2. The alpha-matrix of H(w,) is monotone-preserving with re-
spect to those nondecreasing sequences {p,} for which py < u;p,.

Proof. qo—q,=po—11p1=0. Fornz=1,

S n—1\ o Nt no\ an-k+1
Gn—Gnt1 = 2 k—1 A yp— X k—1 A HiePx»

k=1 k=1
which, after some simplifications, becomes

Q= Qus1 = X (Z_i) N7 ey (P — Prsr) -
k=1
Since APy, =0, it follows that g, — q,+; < 0if {p,} is nondecreasing. Thus, the
sequence {q,} is nondecreasing.

3.4. QuASI-HAUSDORFF-NORLUND METHODS. Let G(u) be a nondecreasing func-
tion on [0, 1] such that G(0) = G(0+) =0, G(1) =1 and [§ (1/u)dG exists. Let
tn= fou" dG. The matrix (f,), where fo = (DA "4, if k2 n,0 otherwise,
is a T-matrix [9], [10]. Associated with this T-matrix is the alpha-matrix (a,),
where a,; = (Y)A* "y, if k = n, 0 otherwise. Let H*(u,) denote the regular summa-
bility method determined by these matrices.

These H*(u,) methods are a subclass of the set of regular quasi-Hausdorff
methods. This subclass includes the Taylor method. Since the alpha-matrix of
H*(u,) method has ago =1 and a,;, = 0 and has bounded row-sums, it follows
from Lemma 3.1.3 that H*(u,)-Norlund methods may be defined for any Nor-
lund sequence for which X p, converges. The next lemma deals with general
Norlund sequences.

LeMMA 3.4.1. If thereexistsa b > 0suchthat Gu) =0 for 0<u < b, then the
alpha-matrix of H*(u,) transforms Norlund sequences into Norlund sequences.

Proof. Let p(x) = X p,x", where {p,} is a Norlund sequence. This series
converges for |x| < 1[4, p. 65]. Hence, for every n,

J: ("i'u) P 1)dG = ki::.. ( :)Pk ) fol u"(l —u)*™" dG =g,

exists, the interchange of summation and integration being justified, since the
integrands are non-negative and continuous on [b,1]. Furthermore, for k 2 n,
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k\ (1 k\ (!
fu=bay = ( )f - uw)f " dG - ( )f b-u"(1 —u)*""dG
njJo n/Jo

- (f) J:u”(l—u)"'"(u—b)dG >0,

Thus, a,;, < (1/b) f, for all n and k, and the hypotheses of Lemma 3.1.2 are
satisfied.

In order to see that the hypothesis of Lemma 3.4.1 is not a necessary condi-
tion, let H*(u,) be generated by G(u) = u?, 0<u <1. Then p,=2/(n +2). A
short calculation shows that the alpha-matrix (a,) of H*(u,) is given by
Ay =2(n+ 1) )(k+ 1)(k+2) for k = n, O otherwise; and the T-matrix (f,) of
this method is given by f, =2(n+ 1)(n+2)/(k + 1)(k + 2)(k + 3) for k= n,
0 otherwise. If {p,} is any sequence of non-negative terms with p, > 0 such that
d.= X a,p, exists for every n, the proof of Lemma 3.1.2 shows that
Q,=qo+  +q,= X fuP:, where P, = po + --- + p,. It is easily seen for this
method that 0= ¢,=0Q,— 0,-, =20,/(n +2) —2P,_, [(n + 2) <20, /(n+2),s0
4,/Q,—0and {g,} is a Norlund sequence. Furthermore, since (n+2)a,; = (k+3) fu
for k = n, there is no M > 0 such that a,, < M-f,,. Hence, this example also
shows that the second hypothesis of Lemma 3.1.2 is not a necessary condition.

The results of §3.2 hold for some quasi-Hausdorff-Noérlund methods. Ramanujan
[10] has shown that for bounded {s,}, if {s,} is summable Abel, then the H*(,)-
transform of {s,} is also summable Abel to the same sum. Also, it is easy to see
that the alpha-matrix of H*(y,) is (C,1)-preserving, since

) e} 1 1
Ya, = X (k)f u"(1 —u) ™" dG =f (1/u)dG for every n.
k=0 k=n \"/ Jo )

LeEMMA 3.4.2. The alpha-matrix of H*(u,) is monotone-preserving with
respect to those nondecreasing sequences {p,} such that q, exists for every n and

(K + 1\
lim (nH)A" M = 0

for every n.

Proof. For any n > 0,

1* ’El k)Ak—n mil k )Ak—n—l ]
n™ Yn = lim nPk — n
In = dn+1 - L___” (n HnDx o= (n+1 Hn+ 1Dk

= lim [z - z] .
m 1 2

InY, one can let k=j+ 1 and then replace A’ "u,,, by AV ™", — A" 1y,
Then X, can be written as X, — X,. Letting j + 1 =k in X, one finds that X,
and X, can be combined. When the resulting expressions are simplified, one has
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. « (k+1\ k-n M+ 2\ mti-n
dn— 9n+1 = h:'n I:kgn (n + I)Ak ﬂn(pk - Pk+1) + (n + I)A ot Aunpm+1:| .
Hence,
o [(k+1\ &_n
dn— dn+1 = kz_: (n + I)Ak PPk — Pr+) =0

since APu,=0.

Incidentally, the same kind of calculation, using u,,, in place of u,, shows
that the T-matrix of H*(u,) preserves monotonicity of suitable sequences.

The Taylor method T(a) of Fekete’s original formulation is the quasi-Haus-
dorff method H*(a"), where 0 < a < 1. This method is generated by the function
G, where G(u)=0 for 0=u=<a, Gu)=1 for a<u = 1. This observation,
together with Lemma 3.4.1, shows that the alpha-matrix of any Taylor method
transforms Norlund sequences into Norlund sequences. In fact, the alpha-matrix
of T(a) transforms nondecreasing No6rlund sequences into nondecreasing Nor-
lund sequences. To see this, let {p,} be such a sequence and let p(x) = X p,x". Then
D" '[x-p(x)]/(n + D! = X2, (i Dpex""" converges for | x| <1, where D=d/dx.
Then, for any a,0 < a < 1, it follows that lim, a":1Dp,(1 — a)* " =0, and, by
Lemma 3.4.2, the transform of {p,} by the alpha-matrix of T(a) is nondecreasing.

4.0. The Norlund-4A method.

4.1. THE DEFINITION.

DEFINITION 4.1.1. Let A4 be a regular summability method which has a T-matrix
(f..) with no zero rows and such that f,;, = 0 for all n and k. Let (N, p,) be a
regular Norlund method such that Q,= X f,P, exists for each n, where
P,=po+ - + p,. A sequence {s,} is said to be summable to s by the N6rlund-4
method if and only if T,/Q,—s, where T,= Xf,S; and S, = 2 _o Pn—sSk-
Write S,—s, G(A,p,), in this case.

LEMMA 4.1.2. For any Nérlund sequence {p,} there exists an r = r(p, ,A) >0
such that for alln, Q,=r.

Proof. For all n, P, = p,. Since f,, =0, it follows from Theorem 9 in [4]
that liminfQ, = liminf P, = p,. Hence there exists an N > 0 such that Q, = p,/2
for all n = N. Furthermore, Q, > 0 for all n, since (f,,) has no zero rows. Set
r=min(Qy,Q;,*,On-1,P0/2). Then for all n,0,=r>0.

4.2. PROPERTIES OF G(4, p,).
THEOREM 4.2.1. G(A4,p,) is regular and includes (N,p,).

Proof. T,/Q,=(XfuS)/ LfuPd) = Xdu(Sk/Py), where du=fuPi/Q,.
Then, dy < fuPy/r—>0 as n—> oo for each k. Also, X;|dy|= Xidx=1 for
every n. This shows that (d,,) is a T-matrix. Therefore, if s,—s,(N,p,), then
S /P, —s. Hence, T,/Q,—s. Since (N, p,) is regular, G(4, p,) is also regular.
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When 4 is (C,1), po=p,=1, p,=0 otherwise, and s,=(—1)", it is
easily seen that s, —» 0, G(4, p,), but {s,} is not summable (N, p,). Thus, in general,
G(A4, p,) is not equivalent to (N, p,).

DEFINITION 4.2.2 [6]. A summability method A is said to be translative to the
left if and only if A-limr, = A-lims, whenever A-lims, exists and r, = s,_,,79 =0.

THEOREM 4.2.3. If the method A is translative to the left and if {p,} is a
finite Norlund sequence, then G(A, p,) includes A.

Proof. There exists an N >0 such that P,= Py >0 for all n= N. Thus,
Q,— Py. Also, if A-lim s, =s, then T, = po* Xyfusi + P1* ZufuSe-1 + *+ + Py
« XifouSe-n = Pys. Therefore, T,/Q,— s.

When {p,} has only finitely many nonzero terms and A is translative to the
left, A is not, in general, equivalent to G(A4, p,). For example, when A4 is (C, 1),
Po=1, py=2, p,=1 and p,=0 for n=3, the sequence {s,}, with
s, = (n + 1)(—1)",is not summable 4, but s, = 0, (N, p,) and hence s, = 0, G(4,p,).

THEOREM 4.2.4. Let (f,,) and (F,;) be the T-matrices of the methods A and B,
both matrices having no zero rows and no negative elements. If there exists a
matrix (ey) with e, =0 for all n and k, such that (F,) = (ex)(fu) and
lim, e, = O for every k, then G(B, p,) totally includes G(A, p,) for all sequences
{sn} for which the product (e,)(fi;)(S)) is associative.

Proof. Let T,= XfuSi, 0n= LfuwPi, T.¥= XF;S;and QF = T F,P,, all
of which are assumed to exist for every n. Now, T¥ = X FnS;= 2l 23fiiS))
= YeuT,. Similarly, QF = Ye,,0;, the inversions being justified since all terms
are non-negative. Then T*/0* = X, d,.(T,/Q.), where d,;, = (6400 /( XrewQh) -
Now, d, < e, 0,/r—=0 as n— oo for each k, r being that of Lemma 4.1.2
determined by {p,} and B. Also, X;|d,|= X,d. =1 for each n. Hence, (d,)
is a T-matrix with non-negative elements. Thus, if T,/Q,— s, then TF/Q¥ —s
for s finite or infinite, and the assertion is proved.

Clearly, if {s,} is a sequence for which both Xf,.|S;| and X F,|S,| con-
verge, then the product (e,) (f;,)(S;) is associative. Also, if {s,} is such that {S,}
lies in an angle less than =, in the sense of [1, p. 124], then the proof of 5.7 III
on p. 124 of [1] shows that this product again is associative. Another simple case
of associativity arises when both matrices (e,) and (f,;) are row-finite. In the
latter case, G(B, p,) totally includes G(4, p,) for all sequences {s,,}.

If the matrices (f,,) and (F,,) are lower-triangular, that is, if they have only
zeros above the main diagonal, and if f,, # O for all n, then there exists a two-
sided reciprocal of (f,,) which is a lower-triangular matrix [1, pp. 19-22]. If
(f,)~! denotes this reciprocal, the product matrix (F,)(f,.)~* suffices for (e,,)
in the above theorem, provided that this product matrix has all of its elements
non-negative and has column-limits zero.
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Similarly, if (f,,) and (F,,) are upper-triangular, that is, if they have only zeros
below the main diagonal, and if f,, # 0 for all n, then there exists a left-hand
reciprocal of (f,;) which is also an upper-triangular matrix [1, pp. 6, 19]. The
product matrix (F,)(f.)z', where (f,,)r ' denotes this reciprocal, exists and
would suffice for (e,,) of Theorem 4.2.4 provided that this product matrix has all
its elements non-negative.

4.3. NORLUND-HAUSDORFF METHODS. The H(u,) methods, defined in §3.3 above,
satisfy the hypotheses for A of Definition 4.1.1. The following considerations
show how the results of §4.2 hold for G(H(u,), p,)-

The (C,k) and Euler methods, which are H(p,) methods, are translative to the
left [2, p. 419], [14, p. 131]. Therefore, G(H(u,), p,) includes H(u,) for finite
Norlund sequences in these cases. The same result holds for all H(u,) methods
if only bounded sequences are considered, for Parameswaran [7] has shown
that any regular Hausdortt method is translative to the left for such sequences.

The T-matrix (f,;) of H(u,) has a two-sided reciprocal of the form (c,,), where
e = (DA ¥ (/i) when n =k, O otherwise [4, p. 262]. If (F,) is the T-
matrix of another method, H(u)), then (F,.)(c,) exists and equals (e,,), where
e = (DA" (¥ /) when n =k, O otherwise. The hypotheses of Theorem
4.2.4 would be satisfied when AP(u/u,) = 0 for n =0, p = 0 and lim,A"(ug/ue) = 0
[4, pp. 252-255].

4.4, NORLUND-QUASI-HAUSDORFF METHODS. If pu, #0 for all n, the H*(u,)
methods of §3.4 satisfy the hypotheses for 4 in Definition 4.1.1. The results of
§4.2 hold for some of these methods.

Any regular quasi-Hausdorff method is translative to the left for bounded
sequences [11]. Therefore, when p, # 0 for all n, G(H*(n,), p,) includes H*(u,)
for finite Norlund sequences {p,} and bounded {s,}.

The T-matrix (f,,) of H*(u,), when u, # 0 for all n, has a two-sided reciprocal
of the form (d,), where d, = ()A* "(1/u,+,) when k=n, 0 otherwise.
If (F,) is the T-matrix of another method H*(y)), then (F,.)(d,) exists and
equals (ey), where e, = (A "(u¥, /u,+1) Wwhen k=n, 0 otherwise. Thus,
the matrices of these methods would satisfy the hypotheses of Theorem 4.2.4
whenever AP(i%, /1tn+1) = O for all n and p.

5.0. Comparison of the methods F(A4,p,) and G(4, p,). The methods F(4, p,)
and G(4,p,), in general, are not comparable, for let 4 be the method which
transforms the sequence {s,} into the sequence {t,}, where t, = (2s, + 5,+,)/3.
A short calculation shows that the alpha-matrix of 4 is (a,;), where ago =1,
ay; =1/3, a,,=2/3 and a, ,+; = 1/3 for n 2 1, a,, = 0 otherwise. The matrices
for A satisfy Lemma 3.1.2 with M =2, and also satisfy Definition 4.1.1. Let
(N, p,) be defined by po=1, p; =3, p,=0 for n = 2. Then g, =¢,=2, q,=0
for n22. If 5,=3(—1)""", one can easily see that t,=(—1)"*! and that
t,—0, (N,q,). However, T,/Q,=(—1)"2 and {s,} is not summable G(4, p,).
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On the other hand, if s¥=(—3)"*!, then T,*=0 for n = 1, so s¥ - 0, G(4, p,),

while (got¥ + q,£¥_1)/Q, = — (—3)""! and {s}} is not summable F(4, p,).
However, the two methods coincide when A is the Euler method (E, r), defined

as the Hausdorfl method H(y,), where p, = (1 + r) ™" for positive r [4, p.248].

THEOREM 5.0.1. F((E,7), p,) = G((E, 1), p,).

Proof. It suffices to show that Xq,_;t, = T, for all n. Now, g, = p, and,
forn=1,

g=0+r" E ( _1 ) " Ip;.
Also,

n

t,b=(1+nr" X (;)r”'"’sm for all n.

m=0

After combining terms, letting i = m + j and simplifying, one sees that

Xqti=(1+r™ X X (:l )""—insi-.i
k=0

i=0 i=j
-n < n n—i
=@+ ¥ (i)r S,=T,.
i=0
A related result for Taylor-Norlund and N6rlund-Taylor methods is the following
theorem.
THEOREM 5.0.2. For sequences {s,} which have T(a)-transforms, F(T(a), p,)
= G(T(a), pn)-
Proof. As in the previous theorem, it suffices to show that Xq,_.t, = T, for
all n, assuming that ¢, exists for each n. Now, the series defining g; converge

absolutely for each j, and hence, by Mertens’ theorem [5, p. 321], q;t,—; = Y,
the Cauchy product of these series. Then,

Lapi=F =% T

j=0 k=0 k=0 j=0
Now,
< n r+ k+n—j—r
L@ -ari-af B 20( () beseenssere
J= J r

When the rectangular array (j,r) is summed along the diagonals j+r =i,
i=0,---,n+k, and the resulting expressions are simplified and combined, one
sees that

k
Z ares= I ("hE) e - o',

It follows immedxately from this theorem that G(T(a), p,) includes F(T(A), p,).
However, when s, = (a — 1)™", {s,} fails to have a T(a)-transform, so {s,} is not
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summable F(T(a),P,) for any Norlund sequence, although s,— 0, G(T(a), p,)
when po=1, p;=(1—-a)”", p,=0for n = 2.

6.0. Series-to-sequence analogues. The methods F(4,p,) and G(4,p,), which
were developed above, are applicable to the sequence of partial sums of a series.
In this section, analogous methods are defined which operate directly on the
terms of the series.

6.1. THE A-NORLUND METHOD.

DEFINITION 6.1.1. Let A be a regular summability method with alpha-matrix
(a,,) and gamma-matrix (g,,). Let (N, p,) be a regular N6rlund method such that
(N, g,) is a regular Norlund method, where g, = 2a,,p;. A series L u, is said to be
summable to s by the A-Norlund method if and only if t,—s, (N,q,), where
1= Xgui,. Write Lu, =s, F'(4,p,) in this case.

If (a,) is the alpha-matrix of 4 and v, = Xa,u,, Vermes [13] has shown that
v + -+ + v, = t.. Therefore, an equivalent form of Definition 6.1.1 is: Xu, =,
F'(A, p,), if and only if Xv, =s,(N,q,).

Definition 6.1.1 is more general than Definition 3.1.1, since there exist regular
summability methods to which correspond alpha- and gamma-matrices, but not
T-matrices [1, p. 87]. However, if a method has a T-matrix, then there always
exist alpha- and gamma-matrices for that method. The explicit form of these
matrices is given in §2.0 above. The relation between F(4, p,) and F'(4, p,), when
A has a T-matrix, is investigated in the next theorem.

THEOREM 6.1.2. Let A have a T-matrix (f,) and a gamma-matrix (g,).
Let s, =ty + - + u, be such that Xf,s,, 2guix and lim, g,s, = w, exist for
each n. If w,— 0,(N,q,), then s,— s, F(A,p,), if and only if Xu,=s, F'(4,p,).

Proof. Lets_; =0. As on p. 86 of [1],

o] m m
X sk = lim [ X 8nkSk — z gn,k+lsk]
k=0 k=0 k=0

m

m+1
lim [kgo &Sk = Sk=1) — Enym+1Sm+1 ] .
This shows that, in the notation of 3.1.1 and 6.1.1above, ¢, + w, = t, for every n,
and the assertion of the theorem follows.

If {s,} is bounded, then lim, g,.s, = O for every n, since lim; g,, =0 when A
has a T-matrix [1, p. 86]. Hence, for series with bounded partial sums, ¢, =t,,
and the methods F(4, p,) and F'(A4, p,) are identical. Another case in which these
methods are identical is when the gamma-matrix of 4 has only finitely many
nonzero terms in each row, for then, lim, g,s, = O for every sequence {s,}.

6.2. THE NORLUND-A METHOD. A natural series-to-sequence analogue of
Definition 4.1.1 would use the series-to-sequence form for (N, p,) as follows:
A series L u, is summable to s by the Norlund-A method if and only if T,/Q,— ",



1965] GENERALIZED FEKETE MEANS 35

where T, = £f,Si, S, = P,uo + -+ + Pout,, P, =po+ -+ + p, and Q, = ZfyPy.
However, since the expressions P,uq+ -+ + Pou, and p,So+ --* + poS, are
identical, this series-to-sequence analogue of G(A4,p,) is identical to applying
G(A4, p,) to the sequence of partial sums of Xu,.

6.3. THE GEOMETRIC SERIES. The regions of the complex plane in which the
geometric series is summable (E,r) and T(a) are well known [4, p. 178], [13].
For both methods, a series-to-series transformation changes the geometric series
into a series of the form X b,X", where X = X(z,r) or X = X(z, a). The regions
of summability result from imposing the conditions that X exist and |X | <1
These regions can be extended by the methods defined above.

THEOREM 6.3.1. If {p,} is a nondecreasing Nérlund sequence with po(r+1)=p,,
then Xz*=1/(1 — 2), F'((E,r), p,) for all z satisfying |r + z| Sr+l,z#+1.

Proof. By Lemma 3.3.1 and Theorem 3.2.6, it suffices to consider the case
(N,q,) =(C,1). Upon transforming the geometric series by the alpha-matrix
of (E,r), one finds that v, =1, and, when n > 1,

= cny (P g L G2
=) jz=l(j"'1)r S L
where ¢, = [(r + 2)/(1 + r)]"_‘. Now, for all z such that |r + zl <r+1,z#+41,
Yo a=[1=(+2)/r+ 1], (C1) [5 p. 481]. By Theorem 47 of [4], it
follows that (C,1) — Xv, = 1 +[z/(1 + )] (C,1) = X¢, = 1/(1 — z) for these z’s.

THEOREM 6.3.2. If {p,} is a nondecreasing Norlund sequence, then X.z*
=1/(1 — z), F'(T(a),p,) for all z such that z# +1, |z| <1/ - a), lazl
s|1-d-a)|.

Proof. It follows from the discussion at the end of §3.4 above that, as in the
previous theorem, it suffices to consider the case (N,q,) =(C,1). Using the
alpha-matrix for T(a), one gets for all n, v,=a"  Xe_ (91 —a)"z*
=(az)"/[1 = (1 — a)z]"** if and only if (1 — a) |z| < 1. Then, Xv,
=[1-(1-a)2z]"" - Z[az/(1 — z + az)]* =1/(1 — 2), (C,1), if and only if
laz| < |1-(1 —a)z|, z# + 1[5, p. 481].

If one transforms s, =1+ z + --- + z" by the T-matrix of T(a), one finds
that t,=1/(1 — z) — az - v,/(1 — 2) if and only if (1 —a)|z|<1. Since Xv,
is (C,1)-summable whenever z # + 1, |az| < |1 -(1- a)zl, then v,— 0, (C,1)
[S, p. 485]. Hence for these z’s, t, > 1/(1 — z), (C, 1), so the assertion of Theorem
6.3.2 holds for F(T(a), p,) and G(T(a), p,) as well.

Note. The material in this paper stems from the author’s recent doctoral
dissertation at the University of Pittsburgh. The author wishes to acknowledge
the guidance of his advisor, Professor G. Laush, who suggested the problem.
He also wishes to thank the referee for his helpful comments and for his sug-
gestions about the addition of material on total inclusion.
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